Fuzzy integrals and linearity  by Mesiar, Radko & Mesiarová, Andrea
Available online at www.sciencedirect.comInternational Journal of Approximate Reasoning
47 (2008) 352–358
www.elsevier.com/locate/ijarFuzzy integrals and linearity q
Radko Mesiar a,b,*, Andrea Mesiarova´ c
a Department of Mathematics and Descriptive Geometry, Faculty of Civil Engineering,
Slovak University of Technology, SK-813 68 Bratislava, Slovakia
b Institute for Research and Application of Fuzzy Modelling, University of Ostrava, Czech Republic
c Mathematical Institute of SAS, Sˇtefa´nikova 49, 81473 Bratislava, Slovakia
Received 8 May 2006; received in revised form 29 August 2006; accepted 29 May 2007
Available online 4 July 2007
Dedicated to Prof. Scozzafava in the occasion of his 70.Abstract
Linearity and generalized linearity of fuzzy integrals are studied. For continuous from below fuzzy integrals, linearity
leads to the Lebesgue integral while the comonotone linearity results to the Choquet integral with respect to a selfdual
fuzzy measure m. Similar results in the case of idempotent linearity are presented. Some open problems were stated,
too. Finally, pseudo-linearity related to two types of semirings is discussed.
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The standard linearity of the Lebesgue integral (based on some r-additive measure m) is one of substantial
properties of this functional in several ﬁelds of applications, especially in decision making. Vice versa, linearity
of a functional together with few additional properties is already suﬃcient to ensure the representation of dis-
cussed functional by means of the Lebesgue integral. For example, let X be a ﬁnite space and letJ be a system
of all X ! R functions. Then each linear non-decreasing functional I : J! R can be represented as the
Lebesgue integral with respect to measure m : PðX Þ ! ½0;1½ given by m(A) = I(1A).
In the last decades, there were introduced several fuzzy integrals. For their overview we recommend
monographs [6,8,20,30] and handbook [21].0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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of the Lebesgue integral framework, one can expect either that the linearity will be satisﬁed only under some
restriction, or that the standard linearity should be modiﬁed appropriately.
The paper is organized as follows. In the next section, we brieﬂy recall fuzzy integrals as special functionals.
In Section 3, the standard linearity of fuzzy integrals will be discussed, stressing the role of the Choquet inte-
gral. In Section 4, modiﬁcation of linearity based on the idempotent arithmetical operations will be investi-
gated. In Section 5, we will focus on some other types of linearity, generalizing the results from the
previous sections. Finally, some conclusions will be included.
2. Fuzzy integrals
Throughout this contribution ðX ;AÞ will be a measurable space, i.e., X will be a non-empty set (universe)
and A a ﬁxed sub-r-algebra of the power set PðX Þ. In the case when X is ﬁnite, A ¼ PðX Þ will be assumed.
The systemF of allA-measurable functions f : X! [0,1] can be viewed also as a system of all fuzzy events.
Moreover, any non-decreasing set function m :A! ½0; 1 such that m(;) = 0 and m(X) = 1 will be called a
fuzzy measure. The system of all fuzzy measures on ðX ;AÞ will be denoted byM. Following [17,25], we intro-
duce fuzzy integrals as follows:
Deﬁnition 1. A monotone functional I :F! ½0; 1 such that I(c1X) = c for all c 2 [0,1] will be called a fuzzy
integral.
For each fuzzy integral I, the set function mI :A! ½0; 1 given by mI(A) = I(1A) is a fuzzy measure, i.e.,
mI 2M.
Deﬁnition 2. Let I :F! ½0; 1 be a fuzzy integral such that for each f 2F; I(f) depends on real function
hI,f:[0,1]! [0, 1] only, wherehI;f ðtÞ ¼ mIðf P tÞ: ð1Þ
Then I will be called a regular fuzzy integral.
Recall that several types of integrals based on non-additive measures were introduced dealing with intervals
[0,1], [0,M], [a,b], etc. [3,5,9,18,23,24,28], however, they can be easily reduced or transformed into the [0,1]
framework.
3. Fuzzy integrals and the standard linearity
Standard linearity of a functional I :F! ½0; 1 means that
Iðaf þ bgÞ ¼ aIðf Þ þ bIðgÞ ð2Þfor all f ; g 2F; a; b 2 R such that af þ bg 2F: Observe that the linearity of a functional I :F! ½0; 1 en-
sures its additivity and positive homogeneity, i.e.,Iðf þ gÞ ¼ Iðf Þ þ IðgÞ ð3Þ
andIðaf Þ ¼ aIðf Þ ð4Þ
for all f ; g 2F and a2]0,1[ such that f þ g 2F and af 2F(and note that (3) implies (4)).
Linearity of a fuzzy integral I which is continuous from below is strong enough to bring us back to the
Lebesgue integral. Indeed, combining the results from [2,6,22], we have:
Theorem 1. The only linear continuous from below fuzzy integral I :F! ½0; 1 is the Lebesgue integral, i.e.,Iðf Þ ¼
Z
X
fdmI ;where mI :A! ½0; 1 is a probability measure on ðX ;AÞ.
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probability measure m 2M; Iðf Þ ¼ RX fdm ¼Px2XmðfxgÞf ðxÞ.
Following already mentioned sources [2,6,22], we can represent a fuzzy integral I (which is continuous from
below) even in the case when its linearity (2) is restricted to the comonotone functions f ; g 2F only. Recall
that f ; g 2F are comonotone if for all x,y 2 X such that f(x) < f(y) it follows that g(x) 6 g(y) (or, equiva-
lently, for all x,y 2 X, (f(x)  f(y)) Æ (g(x)  g(y))P 0).
Theorem 2. I :F! ½0; 1 is a fuzzy integral which is continuous from below and which is comonotone linear, i.e.,
I(af + bg) = aI(f) + bI(g) for all comonotone f ; g 2F and a; b 2 R such that af þ bg 2F; if and only if I is the
Choquet integral with respect to the fuzzy measure mI 2M; i.e.,Iðf Þ ¼ ðCÞ 
Z
X
fdmI ; ð5Þand mI is selfdual, i.e., mI(A) = 1  mI(Ac) for each A 2A.
Recall that the Choquet integral is a regular fuzzy integral and thatðCÞ 
Z
X
fdmI ¼
Z 1
0
hI;f ðtÞdt; ð6Þwhere the right-hand side of (6) is the standard Rieman integral and hI,f is given by (1). Note also that for any
fuzzy measure m 2M;ðCÞ 
Z
X
fdm ¼
Z 1
0
mðf P tÞdt; ð7Þand the functional I :F! ½0; 1 deﬁned by Iðf Þ ¼ ðCÞ  RX fdm fulﬁls mI = m.
Moreover, I is linear for all comonotone f ; g 2F and a,b 2 [0,1[ such that af þ bg 2F. If, additionally,
m is selfdual, I is comonotone linear. Evidently, each additive fuzzy measure on ðX ;AÞ is selfdual, and then we
have even the next stronger result (compare [6]).
Proposition 1. Let m 2M be additive. Then the Choquet integral with respect to m is a linear functional on F:
Note that each linear non-decreasing functional I :F! ½0; 1 such that I(1X) = 1 is representable as the
Choquet integral with respect to the additive fuzzy measure m :A! ½0; 1; m(A) = I(1A). This fact follows
from the uniqueness of I with given margins Ið1AÞ ¼ mðAÞ;A 2A; on the space of simple functions from
F (i.e., elements of F with the ﬁnite range) and representation of each function f 2F as a uniform limit
of a sequence ðsnÞn2N of simple functions sn ¼
P2n1
i¼1
i
2n
1f1ð i
2n;
iþ1
2n Þ: Then sn 6 snþk 6 sn þ
1
2n
and sn 6 f 6
sn þ 12n ; and henceIðsnÞ 6 IðsnþkÞ 6 IðsnÞ þ 1
2nandIðsnÞ 6 Iðf Þ 6 IðsnÞ þ 1
2nfor all n; k 2 N, i.e., I(f) = supI(sn).
Remark 1. For r-additive measures m 2M; the Choquet and the Lebesgue integrals coincide (and yield
continuous linear functionals on F). Additivity of a fuzzy measure m 2M which is not r-additive (or,
equivalently, not continuous from below) implies non-ﬁniteness of X and it is linked to the Zorn lemma and
then m may possess peculiar properties. So, for example Tarski [29] had shown the existence of a two-valued
additive selfdual fuzzy measure m 2M on any inﬁnite universe X which is vanishing on any ﬁnite subset of X.
Consequently, the Choquet integral with respect to such m is a linear functional which remain stable when
modifying ﬁnitely many values of f, I(f) = I(g) whenever {x 2 Xjf(x)5g(x)} is ﬁnite, compare [4]. Take, for
example, X ¼ N: Then evidently no functional continuous from below has the above properties.
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Iðf Þ ¼ ess supm f ¼ ess infmf ; i.e., in this case the essential supremum and the essential inﬁmum with respect
to m coincide.
4. Fuzzy integrals and the idempotent linearity
The standard linearity is based on the common addition and multiplication of reals. As we have seen in
Section 2, linearity of fuzzy integrals leads to the Lebesgue integral and in more general case of comonotone
linearity to the Choquet integral (supposing the continuity from below of discussed functionals). In the fuzzy
framework, there are applied several other operations on reals (on [0,1]). Already in the seminal Zadeh paper
[33] a distinguished role of idempotent operations of max (modifying the addition) and min (modifying the
multiplication) was underlined. Using the algebraic notation _ (for max) and ^ (for min), the idempotent lin-
earity of a functional I :F! ½0; 1 means thatIða ^ f _ b ^ gÞ ¼ a ^ Iðf Þ _ b ^ IðgÞ ð8Þ
for all f ; g 2F; a; b 2 R such that a ^ f _ b ^ g 2F (observe that the standard priority of processing ﬁrst ^
and then _ is accepted). Evidently, constants a,b out of the unit interval [0,1] can be replaced by the closest
element from [0,1], and thus it is enough to deal in (8) with a,b 2 [0,1] only.
Idempotent linearity of a functional I implies its maxitivity and min-homogeneity, i.e.,Iðf _ gÞ ¼ Iðf Þ _ IðgÞ ð9Þ
andIða ^ f Þ ¼ a ^ Iðf Þ ð10Þ
for all f ; g 2F; a 2 [0, 1]. Note that (10) cannot be derived from (9).
Following [1,2,13] we have the following representation.
Theorem 3. A continuous from below fuzzy integral I :F! ½0; 1 is idempotent linear if and only if mI 2M is
r-maxitive, i.e., m is a possibility measure [34], and I is the Sugeno integral with respect to mI, i.e.,Iðf Þ ¼ ðSÞ 
Z
X
fdmI : ð11ÞRecall that Sugeno [27] introduced his integral as follows:ðSÞ 
Z
X
fdm ¼
_
t2½0;1
ðt ^ mðf P tÞÞ; ð12Þi.e., his integral is regular and (11) can be written asIðf Þ ¼
_
t2½0;1
ðt ^ hI ;f ðtÞÞ:Further, m 2M is maxitive whenever m(A [ B) = m(A) _ m(B) for all A;B 2A: A maxitive m 2M is r-max-
itive if it is continuous from below.
Corollary 2. Let X be finite. Then I :F! ½0; 1 is an idempotent linear fuzzy integral if and only if
Iðf Þ ¼ Wx2X ðmðfxgÞ ^ f ðxÞÞ; where m 2M is a maxitive fuzzy measure (i.e., m is a discrete possibility measure
on ðX ;PðX ÞÞ).
Similarly as in the case of standard linearity, also for comonotone idempotent linear fuzzy integrals we have
the following representation.
Theorem 4. Let I :F! ½0; 1 be a fuzzy integral which is continuous from below. Then I is comonotone
idempotent linear if and only if there is a continuous from below fuzzy measure m 2M such that I is the Sugeno
integral with respect to m, i.e., Iðf Þ ¼ ðSÞ  RX fdm:
356 R. Mesiar, A. Mesiarova´ / Internat. J. Approx. Reason. 47 (2008) 352–358Observe that similarly as in the case of the Choquet integral, the Sugeno integral with respect to an arbi-
trary fuzzy measure m 2M is comonotone idempotent linear fuzzy integral while the opposite claim is still an
open problem. Moreover, for a maxitive fuzzy measure m 2M; the corresponding Sugeno integral is idempo-
tent linear.
Open problem 1. Is there an idempotent linear fuzzy integral I :F! ½0; 1 which diﬀers from the Sugeno
integral with respect to mI?5. Pseudo-linear fuzzy integrals
Pseudo-arithmetical operations on R (or [0,1]) were discussed by several authors [2,4,7,11,18,28,30]. In all
cases the pseudo-addition  is a continuous associative non-decreasing commutative binary operation with
neutral element 0 and it generalizes the standard addition +. The pseudo-multiplication  is a binary opera-
tion with neutral element 1 and annihilator 0 which is non-decreasing on [0,1]. Though for a sound introduc-
tion of a fuzzy integral by means of (,) only the left-distributivity of  over  (i.e., (a  b)  c = (a  c)
 (b  c)) and the left-continuity of  is needed, see [2] for a general case, and [26] for the case  = _ , the
corresponding fuzzy integral need not be -homogeneous (though it will be comonotone  -additive). The
pseudo-linearity of a fuzzy integral I :F! ½0; 1 meansIða f  b gÞ ¼ a Iðf Þ  b IðgÞ ð13Þ
for all f ; g 2F; a; b 2 R (or a,b 2 [0,1]) such that a f  b g 2F; and it requires the -homogeneity of I.
However, then  should be associative [2]. Moreover, the  -additivity of I requires the right distributivity of
 over . Thus we will assume that ðR;;; 0; 1Þ (or ([0,1],  ,  ,0,1)) is a semiring in the sense of Golan [7]
or Pap [18].
However, then we have essentially two basic types of convenient semirings.
Type 1. ðR;;; 0; 1Þ based on an odd increasing bijection g : R! R with g(1) = 1, where a  b =
g1(g(a) + g(b)),a  b = g1(g(a)g(b)).
This type of semiring is a background of Pap’s g-calculus introduced in [19] and discussed in [14,16,21]. This
semiring will be called a g-semiring and the corresponding pseudo-linearity will be called a g-linearity.
Type 2. ([0,1], _ ,T ,0,1), where T: [0,1]2! [0, 1] is a left-continuous t-norm [11].
In this case, the corresponding fuzzy integrals cover the Sugeno integral (T = ^), the Shilkret integral
(T = TP, the product) [23], the Weber generalization of the Sugeno integral (T is a continuous t-norm with
no zero divisors) [31]. Pseudo-linearity related to this type of semiring will be called a _-T-linearity.
Based on results from [2,12,15] we have the following results.
Theorem 5. Let I : F! ½0; 1 be a fuzzy integral which is continuous from below. Then I is g-linear if and only
if gmI is a probability measure and I is a g-transform of the Lebesgue integral, Iðf Þ ¼ g1ð
R
X g  fdg  mIÞ:
Proposition 2. Let m 2M be an additive fuzzy measure. Then the functional I :F! ½0; 1 given by
Iðf Þ ¼ g1ððCÞ 
Z
X
g  fdmÞis a g-linear fuzzy integral.
Theorem 6. Let T : [0,1]2 ! [0,1] be a left-continuous t-norm and let I :F! ½0; 1 be a fuzzy integral which is
continuous from below. Then I is _-T-linear if and only if mI is a r-maxitive fuzzy measure andIðf Þ ¼
_
t2½0;1
T ðt;mIðf P tÞÞ: ð14ÞProposition 3. Let m 2M be a maxitive fuzzy measure and let T: [0,1]2 ! [0,1] be a left-continuous t-norm.
Then the functional I :F! ½0; 1 given by (14) is a _-T-linear fuzzy integral.
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(i) Theorem 6 generalizes Theorem 3 (where T = ^). Observe that several special aspects of _ -T-linearity
of fuzzy integrals given by (14) are discussed also in [10].
(ii) g-linearity discussed in Theorem 5 and Proposition 2 is related to the standard linearity. Indeed, a fuzzy
integral I :F! ½0; 1 is linear if and only if its g-transform Ig :F! ½0; 1; Ig(f) = g1(I(g(f))), is g-
linear.
(iii) Let g : R! R be given by g(x) = (signx)jxjp for some p2]0,1[. Then the g-linearity of a fuzzy integral
I :F! ½0; 1 means, that
IðððsignaÞ j ajpf p þ ðsignbÞ j bjpgpÞ1pÞ ¼ ððsignaÞ j ajpIðf Þp þ ðsignbÞ j bjpIðgÞpÞ1p
for all f ; g 2F; a; b 2 R such that ðsignaÞ j ajpf p þ ðsignbÞ j bjpgp 2F: Moreover, then the fuzzy mea-
sure mI is S
Y
p -decomposable, mIðA [ BÞ ¼ SYp ðmIðAÞ;mIðBÞÞ for all A;B 2A; A \ B = ;, where SYp is the
Yager t-conorm [11,32] with parameter p.6. Conclusions
We have discussed the linearity and pseudo-linearity of fuzzy integrals. In the case of standard linearity,
also comonotone linearity was discussed. Note that some restricted forms of linearity (pseudo-linearity) can
be found also in several papers dealing with integrals with respect to non-additive measures which are not cov-
ered by our concept of fuzzy integrals. For example, (S–T)-integrals discussed in [11,12] possess the (S–T)-lin-
earity under special faithfulness requirements on functions f ; g 2F and constants a,b 2 [0, 1].
As an example, let X ¼ R; A ¼ BðRÞ and let m 2M be given by m (A) = min(k (A),1), where k is the
Lebesgue measure on BðRÞ: For f 2F; SL (the Łukasiewicz t-conorm given by SL(a,b) = min(a + b,1))
and TP (the product t-norm), the (SL–TP)-integral with respect to m, I :F! ½0; 1; is given byIðf Þ ¼ min
Z
X
fdk; 1
 
:Observe that I(1A) = m(A), but I(c1X) = 1 for each c2]0,1] and thus I is not a fuzzy integral in the sense of
Deﬁnition 1.
Evidently, for all f ; g 2F; a,b 2 [0,1], we have Iðaf þ bgÞ ¼ minðRX ðaf þ bgÞdk; 1Þ ¼ aIðf Þ þ bIðgÞ
whenever
R
X ðaf þ bgÞdk 6 1; i.e., in this case we have obtained the standard linearity of the introduced
(SL-TP)-integral I.
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